Abstract. Let X → P r be a smooth projective variety defined by homogeneous polynomials of degree ≤ d. The goal of this paper is to give an explicit upper bound on the order of the torsion subgroup (NS X) tor of the Néron-Severi group of X. The bound is triply exponential in r and singly exponential in d.
Introduction
The Néron-Severi group NS X of a smooth proper variety X over a field k is the group of divisors modulo algebraic equivalence. If k is algebraically closed, NS X also equals the group of connected components of the Picard scheme of X. Néron [9, p. 145 , Théorème 2] and Severi [11] proved that NS X is finitely generated. The aim of this paper is to give an explicit upper bound on the order of (NS X) tor . To the best of the author's knowledge, this is the first explicit bound on the order of (NS X) tor . Theorem 1.1. Let X → P r be a smooth projective variety defined by homogeneous polynomials of degree ≤ d. Then The torsion-free quotient (NS X)/(NS X) tor is the group of divisors modulo numerical equivalence. Its rank is bounded by the second Betti number of X. Katz found an upper bound on the sum of all Betti numbers of X [6, Theorem 1]; this gives a rough bound on the rank of NS X.
The torsion subgroup (NS X) tor is the group of numerically zero divisors modulo algebraic equivalence. This is a birational invariant [1, p. 177] . Recently, Poonen, Testa and van Luijk gave an algorithm to compute it. 1 The algorithm is based on their theorem that (NS X) tor injects into the set of connected components of Hilb Q X for some polynomial Q [10, Lemma 8.29 ]. The order of (NS X) tor will be bounded by finding an explicit Q and bounding the number of connected components of Hilb Q X.
The paper is consist of two major parts. Section 3 will show that Q may be taken to be the Hilbert polynomial of mH, where H is a hyperplane section of X and m is an explicit integer. Section 4 will bound the number of connected components of Hilb Q X by using its embedding in a Grassmannian.
From now on, the base field k is assumed to be algebraically closed, since a base change makes the Néron-Severi group only larger [10, Proposition 6.1]. However, no assumption is made on the characteristic of k.
Notation
Given a scheme X over k, let conn(X) be the set of connected components of X, and let X red be the reduced closed subscheme associated to X. If X is smooth and proper, then NS X and (NS X) tor denote the Néron-Severi group of X and its torsion subgroup, respectively. A projective variety is an closed subscheme of P r = Proj k[x 0 , · · · , x r ] for some r. Suppose that X → P r is a smooth projective variety. Let O X , I X , Ω X and ω X be the sheaf of regular functions, the ideal sheaf, the sheaf of differentials and the canonical sheaf of X, respectively.
Given a coherent sheaf F on X, let HP F be the Hilbert polynomial of F , and Γ(F ) be the global section of F . Given a graded module M over k, let HP M be the Hilbert polynomial of M , and M t be the degree t part of M . Take an an effective divisor D on X. Let HP D be the Hilbert polynomial of D as a subscheme of P r . Then O(−D) ⊂ O X is the ideal sheaf corresponding to D, and
Let Hilb X be the Hilbert scheme of X. Given a polynomial Q(t), let Hilb Q X be the Hilbert scheme of X parametrizing closed subschemes of X with Hilbert polynomial Q.
Given a set S, let #S be the integer of elements in S. Given a vector space V and nonnegative number t, let Gr(t, V ) be the Grassmannian parametrizing t-dimensional subspaces of V . Let Gr(t, n) = Gr(t, k n ).
Numerical Conditions
Let X → P r be a smooth projective variety defined by polynomials of degree ≤ d. Let K and H be a canonical divisor and a hyperplane section of X, respectively. The goal of this section is to give an explicit m such that
Poonen, Testa and van Luijk proved that an order of a Néron-Severi group is bounded by a number of connected components of a certain Hilbert scheme. The theorem and the proof below is a reformulation of their work in [10, Section 8.4 ]. 
Proof. There exists a scheme EffDiv X which parametrizes the effective divisors of X. Furthermore, EffDiv X is an open and closed subscheme of Hilb X, and there is a natural proper morphism φ : EffDiv X → Pic X sending a divisor to the corresponding class [2, p. 215] .
Let Pic c X be the finite union of connected components of Pic X parametrizing the divisors numerically equivalent to F . Since the Hilbert polynomial of a divisor is a numerical invariant, Q is the Hilbert polynomial of each divisor corresponding to a closed point of
X is open and closed in Pic X, and EffDiv X is open and closed in Hilb X, the scheme π
Since F + D is linearly equivalent to an effective divisor for every numerically zero divisor D, the morphism π restricts to a surjection π
The authors of [10] chose F = K + (dim X + 2)H because of the following partial result towards Fujita's conjecture.
is generated by global sections, and
However, computing the Hilbert polynomial of O(−K) is somehow difficult. Therefore, we will show that F = ((d − 1) · codim X)H is another choice. 2 ) p is a free R p -module. Thus, there are p 0 , · · · , p c−1 ∈ I and q 0 , · · · , q c−1 ∈ R \ p such that
represents a nonzero element of c (I/I 2 ) p . Hence,
represents a nonzero element of c (I/I 2 ). Let g 0 , · · · , g b−1 be polynomials of degree ≤ d which generate I. Then each p i can be written as a R-linear combination of g i 's. If we expand (3), at least one term should be nonzero in c (I/I 2 ). Therefore, we may assume that
represents a nonzero element of c (I/I 2 ). Let ∈ I be a polynomial of degree 1, and let
represents a nonzero element of c (I/I 2 ) and deg f i = d for every i. Proof. Let c = codim X. Since X is smooth, there is an exact sequence 
represents a nonzero section of c (I X /I 2 X )| U i by Lemma 3.3. Take another U j ⊂ X given by x j = 0. Then two sections
Because i and j are arbitrary, the sections above extend to a global section of Proof. The divisor D + H is ample, since ampleness is a numerical property. Then K + (dim X)H + (D + H) is generated by global section by Theorem 3.2. Thus, Lemma 3.4 implies that
is generated by global sections. Similarly, D + ((d − 1) codim X + 1)H is very ample.
Proof. By Lemma 3.5(a), we may apply Theorem 3.1 to F = mH.
2 The condition 'numerically equivalent to 0' can be replaced by 'numerically effective' due to Kleiman's criterion of ampleness [8, Chapter IV §2 Theorem 2].
Connected Components of Hilbert Schemes
The goal of this section is to give an explicit upper bound on #(NS X) tor for a smooth projective variety X. Theorem 3.6 implies that it suffices to give an upper bound on the number of connected components of some Hilbert scheme. Recall the definition of CastelnuovoMumford regularity and Gotzmann numbers. 
The Gotzmann number ϕ(P ) of P is defined as
closed subvariety Z ⊂ P r with Hilbert polynomial P }.
Hilbert schemes can be explicitly described as a closed subscheme of a Grassmannian, by Gotzmann [3] .
Theorem 4.3 (Gotzmann). Let P be the Hilbert polynomial of some ideal
gives a well-defined closed immersion. Moerover, the image is the collection of linear spaces
Proof. See [3, Section 3].
Let X → P r be a projective variety and Q be a polynomial. Then there is the natural closed embedding Hilb Q X → Hilb Q P r .
Theorem 4.4. Use the notation in Theorem 4.3. Let X → P r be a projective variety defined by polynomials of degree ≤ d. Assume that t ≥ max{ϕ(P ), d}. Then the image of
Proof. See the proof of [10, Lemma 8.23] Therefore, an upper bound on Gotzmann numbers will give an explicit construction of a Hilbert scheme. Such a bound is given by Hoa [5, Theorem 6.4(i)]. . Definition 4.6. Given a projective scheme X → P r , let X 0 , · · · , X n−1 be the irreducible components of X red , and let
Lemma 4.7. Let X → P r be a projective scheme. Let H → P r be a hypersurface of degree
Proof. Let X 0 , · · · , X n−1 be the irreducible components of X red . Then
, and
Thus, we may assume that X is irreducible. Moreover, we can further assume that X ⊂ H and
Lemma 4.8. Let X → P r be a reduced projective scheme defined by polynomials of degree
Proof. Notice that X is an intersection of P r with hypersurfaces of degree ≤ d. Thus, Lemma 4.7 applied repeately implies that
Corollary 4.9. If X → A r is an affine scheme defined by polynomials of degree ≤ d, then
Proof. Let X red be the projective closure of X red . Then by Lemma 4.8,
Lemma 4.11. Let X → P r be a projective variety defined by polynomials of degree ≤ d. Let P be the Hilbert polynomial of an ideal. If t ≥ max{ϕ(P ), d, 8r} and r ≥ 2, then
Proof. Theorem 4.4 and Lemma 4.10 implies that # conn Hilb ( t+r r )−P(t) X ≤ max {P (t + 1) + 1, P (t) + 1} P (t)(( t+r r )−P(t))
Since r ≥ 2 and t ≥ 8r,
Therefore,
Now, we are ready to prove the main theorem: Theorem 1.1. Let X → P r be a smooth projective variety defined by homogeneous polynomials of degree ≤ d. Then Proof. If X is a curve or a projective space, then (NS X) tor = 0. Thus, we may assume that r ≥ 3, d ≥ 2 and codim X ≥ 1. Moreover, X may be assumed to be not contained in any hyperplane. Let I be the ideal defining X. Let H be a hyperplane section of X cut by x r = 0. Let m = (d−1) codim X ≥ 1. Then I +(x m r ) is the ideal defining mH where m = (d−1) codim X. Let t = (2rd) (r+1)2 r−2 and a = dim X. ≤ log 2 2 r−1 r(r + 1)(log 2 r + 2) + r + log 2 (r + 1)r 2 ≤ r + 3 log 2 r.
As a result, #(NS X) tor ≤ 2 d 2 r+3 log 2 r .
